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STOCHASTIC ESTIMATION IMN COMBINED ARMS
LANCHESTER MODELING OF WARFARE

g

g Deterministic Lanchester models of wa e with time dependent attrition
coefficients has received extensive study’[1]Y There does not appear to be
any analytical effort to incorporate observations of the battlefield into
Lanchester models. This is very surprising when one considers the vast amount
of effort going on in developing techniques for observing events on the
battlefield and integrating intelligence in a ™ fusion* center. In addition,
no analytical work appears to have incorporated uncertainties in the model
itself. The objective of this paper is to develop a general methodology,
using stochastic estimation theory as practiced in modern control theory, for
predicting conditions on the battlefield from measurements or observations of
the battle area that are themselves uncertain and where the parameters of the
mathematical model are not known precisely. Examples are also provided to
show how the genera1 theory an be :%fl1ed to two spec1f1c problems.
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> 7 The fundamental Lanchesto:’equ ions for homogeneous forces is given by

dx
. - = -ay
€ dt
dy
dt

(1)

= -Sx

. ~ -‘.'. v o &

where x and y are the force strength of each side and a is the attrition of x
force due to the weapon effectiveness of the y force and similarly g is the
: attrition coefficient of the y force due to the weapon effectiveness of the
« x force. Taking into consideration that the values o and g can change with
time and also are not known exactly, we can incorporate the uncertainties in
. these parameters by adding to our model a gaussian white noise term in each
equation so that equation (1) is modified as

dx

- dt
I ] (2)
, y

dt

- ay + w (t)

- Bx + w2 (t)

where wi and wp are uncorrelated gaussian white noise.

R
TR _A RS

Equation (2) can be written in matrix form

- d X 0 -a X wy(t)
‘:'. — = -R 0 +

M dt \y y wo(t)
{]

3 or with x = (x, y)T vector
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A= matrix
-8 0
w=(w, wz)T vector
we have
dx
- = Axty
dt

where w(t) is gaussian white noise such that
Elw(t)] =0 for all t
cov [w(t), w(t)] = Qs (t-1)
i.e., w~N(0, Q)
withQ = QT 0

(3)

(3a)

Equation (3) and (3a) represents the vector form of the homogeneous Lanchester

model with "plant" noise w

Observation over the battlefield can be similarly characterized as

z1 =Cc1 X+ V)

22 =c2 ¥+ V2

where z; is the measurement of x corrupted by measurement noise vy, and z7 is
the measur%ment of v corrupted by measurement noise Vo If we let z = (zl, 22) .

= (x, )" and v = (vq, vp)T we have
z= + (4)
with
and v(t) ~N (0, R (t)) gaussion white noise
such that
E{v(t)} = 0 forall t
cov{ v(t),y(r)} = R& (t-1) (4a)
R(t) = RT(t) >0
2
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We also require R to be non-singular i.e., R-1 exists.

Thus the fundamental set of equations which describe the observations
over the battlefield for “stochastic" homogeneous Lanchester models of warfare
is given by

dx(t)

(System model): e=m—= = A x(t) + w(t)
dt (5)

(Measurement model): z(t) = C x (t) + v (t)

where the initial state x(t,) is modeled as a random vector since the initial
conditions are not precisely known. To characterize the initial state x (tg)
we need

Xo0

E{x (to)}
cov [ x (tg),

- pl
Po=PB %

1>

(to)] = Pg initial state govariance (6)

The "plant” noise w(t) is used to model external disturbances and modeling

errors in A. Similarly, the measurement noise v (t) is used for modeling
error in C.

It is also assumed that x(ty), w(t), and v(t) are independent for all t,, t,
T, i.€.,

cov [x (to), w ()1 =0¥ ty, t

cov [x (tg), v (t)J =0V ty, t (7)

cov [w(t), y ()] =0¥ 1ty t
The flow diagram for equation (5) is shown in Figure 1.
Thus, the stochastic estimation problem is to find an estimate 2 for the
stochastic homogeneous Lanchester equation (5) subject to equations (3a),
(4a), (6), and (7) such that, for a given set of past measurements z(1),
z(2), «.. , 2(t), the estimate X(t) minimizes

9= E{ ||x(t) - X()]12 | z(1), 2(2), ..., z(t)} L (72)

in the Teast squares sense.

It is now well kno!n that the Kalman-Bucy filter [2, 3, 4] provides such an
estimate and that x satisfies
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dx X .
= = AR(t)+H [z(t) - CX(t) ] (®)
dt
R (to) = xq
where the filter gain matrix H is given by
= p(t) CT R-1 (t) (9)

with the error covariance matrix P(t) satisfies the Riccati equation

dP(t)
—— = AP(t) + P(t)AT + 0 - P(t) CTRL CP(t) (10)
dt

with P(ty) = Py
The Kalman-Bucy filter can be implemented as shown in Figure 2.

The state estimate x provides a battlefield commander with a predicted estimate
of the future conditions of his force strength and that of his opponents based
on available information up to the present time for a homogeneous force.

The heterogeneous or combined arms Lanchester model of warfare can be
simply achieved by expanding the definition of x and y to a force structure
made up of several distinct weapon systems xj, y; for i =1,2, «eo, n, j =
1, 2, «ve, m such that

X = (X]s X0y eeey Xps ¥1s Y25 coes ym)T n + m vector
and

W= (wl, Woy, eoes Wpy Wpgp ooe wn+m)T n+ mvector

Vo= (Vs Vo, eees Vs Vigls oo Vn+m)T n+ m vector

2= (21 Zp, eees Zps Zpags sves zn+m)T n+ m vector

and where the plant matrix F takes on the form

[ hual

"
=]
|

(n+m) X (n+m) matrix
8 0

where A, B are now matrices which represent the attrition coefficients asso-
ciated with weapon yjand x§ for j =1,2,m and i =1, 2, ... n.
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i: Thus for the heterogenous case equation (5) is transformed into
N
v dx
A —=PEx+w
oy dt (11)
o
A 2(t) =Cx+y
} Naturally, C is similarly defined. The implementation is similar to
- that shown in Figure 1. A1l the constraints imposed on w und v are the same
2 as in the homogeneous case. The optimal estimate, generated by the Kalman-
X , Bucy filter for the heterogeneous systems, is also satisfied for equation
W (8) through (10). The Kalman-Bucy filter approach can also be applied to
B the situation in which F(t) and C(t) are time dependent.
- Discrete System
x:-\ ‘
L) We can transform the homogeneous system (equation (5)) to discrete true
O model if we use
3%
™
4 dx(t) x(ty) - x{tg-1)
iy; dt At->0 At ,
& so that
- x(tg) - x(tg-1) = Aat x (tg-p) + ot w (1)
b) ;~
‘; z(t) = C x (tg1) + ¥ ()
P which reduces to
b
x(tk) = ex-1 x(tk-1) + at W (tg-1) (12)
» 2(te) = C x (tg) + v (ty)
j where
) ok-1 = 1 + Aat,
P
" We-1 = atw(ty.)
" E(tk) ~ N (g, Q_K)
- O = Q(t)/at (13) ]
N
:k: v(tx) ~ N (0, Ry)
NS Re = R(t)/at
'di with initial state x(o) gaussian and x(o), w(ty-1), v (tg.1) are independent
L.
N2
'.‘
b 7
v
!5
R
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The optimal filtering problem is to determine x(ty_1) given a sequence
of past measurements z(1), z(2), ..., z(tg.j) where the optimal estimate is
defined as the conditional mean

(known) X (ty.1 | tg-1) = E{x (tk-1) | 2(1), z(2), ..., 2(tk-1) )} (18)

where p(x (tK'é) | z(1), z2(2), «.., 2(tg-1)), the conditional density function,
is gaussian and known. The conditional covariance

(known) P(ty.1 | tg.1) = cov [x(tg_1), x(tg.1) | 2(1), z(2), ..., z(tx_1)] (15)
We are interested in predicting x(tK) given observations z(1), z(2),
«eey Z(tg.1) before measurement 2(tg )"is made and then to improve that estimate
x{tk) baseé on expanded information z(l), z(2), eeny 2(tgo1), 2(tx) after we
have made a measurement or observation at tx i.e., z(tg).
The discrete Kalman filter can be summarized as follows:

State Dynamics Model:

x(tk) = @ k-1 x (tk-1) + w (tK-1)
w(tg) ~ N(Q, Q)

Measurement Model

2(tg) = C x (tx) + v (k)

y(tx) ~ N (0, Rgk)

Off-Line Calculations

Initialization (t=0):
Py = E [(x(0) - %(0)) (x(0) - R(0)T]
Predict Cycle:
Pt | teoq) = @ (o) PUte) o' (ty) + Qltyq)
Update Cycle:

tKItK) =P (tKItK 1) -2 tKItK 1 (tK) )

[o(ty) P (tgltey) CT(tye) + R(tK)]‘ Clty) Pltgitgoy)

Filter Gain Matrix:

Hite) = Pty lte) CT(t) R7I(ty)
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On-Line Calculations:

Initialization: (t=0)
%(010) = €{ x ()}

Predict Cycle:
X(tkltk-1) = o1 X (tg-1 | tx-1)

Update Cycle:
Xt =X (tklte-1) +H (k) § z(tk) -C (tg) X (tk[tk-1) }

Innovation r (tg)

System dynamics and measurement flow diagram is given in Figure 3.

The structure of discrete time Kalman filter is shown in Figure 4.

v

o e S
SRR

i

-

r*-f

* d’ \ 4' e‘i
i .r. o .r:‘.r?".r.- ._..'L.- -r:‘&.‘ 3‘-“. raereye



iy
"r‘;’"
2547 a3

“".%', :::f ;.:’.;- 'y
|
Z(y)
ACTUAL MEASUREMENT

Ww
v
-4 O —
)‘ z o
,3‘51 - —
o Z 2|
§ o w
§ ""‘- i
3%l g . )
A —
o oS . =
& ) b

1]
-

Py
.

rug-
)

C (y)

.

PO S, ¥ o
3 e
ol :

l

7
D Iy,

/
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Several examples will now be considered to demonstrate the method of computa-
tion, details of which are presented in the Appendix.

Example 1: Square law with noise in only one of the state variables.

)'<=0x-ay
y=8x+0y+1w (noise in y only)
z=y+ v ({(observation of y only)

/\
<o Xxeo

)-(23)C)C) -

z=(0 1) / x + v
y
0 -a 0
A= g:
-\ -8 0 1
H=1(0 1)
E (w(t”)) =0 E (v(t)) =0
E (w(t) w(t’)) = q 6 (t-t°) E (v(t)v(t*)) = r §(t-t-)
Q=49 R=r
E(x (0)) =o0; E(y (0))=0
2 Pip (0)  Pyp (0)
el x2y ) p11 (0) p12 w0 | B(0)
yx Y Jio \ 72 22
P=AP+PAT+G6QGT -pPHRR-1HP (Riccati Equation)
P P
P= H 1z P21 = P12
P21 P22

12

e W At : N T T P Tt et A T AT AT et Y A DI I N
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. 1 2 .
Pll = -20P21 -1 - P21 Pll (0) given
r
. 1
Pi2 = -aPy -8P1y -('>921 P22 P12 (0) given
r
[ d 1 2 .
Pop = -28P12 + g A<- )Pzz P22 (0) given
r
Steady State:
[ ] [ 4 [ 4
P11 = P12 = P2 = 0
511 =0 = P21 =0
. 1
P12 =0=>0= - (a + - P21) Pzz - Bpll
r
® 1 2
P22 =0=>0= -28 P12 +q - ; P22
with Plz = le = 0= P22 = (TQ)I/Z
a a
Piy = - - Pyy= = [~ |(rq)l/2
H ] 22 (8)
.z A — Tr-1 A A
R-AR+Gw+PHRL (z- 0% 2 (0) = 0
or
®
R=(AKH X+Kz K = P HTR-1
a X 0 -« 0
x=<,.>7 A= ; _§= ﬂ:(OI)
y -8 0 1 :
A . 1 A A~
X = -ay ~> P (t) (z - y) where x (0) = 0
r
13

T W o ”
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A
= -uy

at steady state

(0) =0

<>

. 1
y = - '<;> P22(t) (z - §)

1/2
-% +<?> (z-9)

r

at steady state

Summarizing the results for the case where only one state variable (y)
is corrupted by noise in the systems model and measurement, the general
solution satisfies the equations

[ ]
P A A

X = -af + (P21(t)/r) (z-Y) x(0) = 0

A ~ ~

y =-8x+ (Pp(t)/r) (z -Y) y(0) =0
while the steady state equations take the form

A ~ A

X = -ay x(0) =0

. 172

~ ”~ A

y=-8x + - (z-9) J(0) =0

In the next example (example 2) we consider the case where the "plant" ncise
and measurement noise corrupts both state variables as follows.

Example 2:

°
X

Ox -ay +1w.

-x + 0y + 1 wp,

X + v Z]
5 =
y +vo 22

2

) “2
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E (x(0)) =0
A E (xxT)¢=q = P(0)

E(w) = 0; E (w(t) w(t-)T) = Q(t) &(t-t-)
e Q11 Q12

o Q(t) =

2 assumed constant
o Q1 Q21

E(v) = 0; E (v(t) v(t*)T) = R(t) & (t-t-); R(t)

1 R22 -R12
Ny [R] \ -R21 R11

R is assumed constant

4
e SN
.t S

~

Xt 'L?. :

L x
S

e SR

[R| + 0

<P11 P12>
P = ;
P21 P22

1 £11 £12
K =— = P HTRL
IR] \ €21 £22 - T

where
E

1.

[R] = Ryy Rp2 - R21 Ry2

11 = P11 Rz - P12 Ry

£12 = P12 R11 - P11 Ry2

R11 R12
R21 R22
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L
2 21 = P21 Ry - Py Ry
S0 €pp = Poy Ryq = P R
e 22 22 11 21 12
QY
4
N P11 = Q11 Steady state
») — IR|
R R22
P = Q Steady state
= 2 L2
. R11
b P12 = P21 = 0
"CE; The predicted state updated by measurements at an earlier time now is given by
“.l',
(@ ) o
& ReAR+Gu+PH RD (z-HB) x(0) = 0
:}_.3 or
B "
N .
X= (AK) X+ Kz
R . .
e X 0 -a X 1 £E11  E12 2 - X
o - P
s 2 RI \ean €22 \z2-7
~
J y -8 0 y
’-" "‘
- \
4,
"::E_: I - 1 A -
" X (t) = -a¥ () + —  fe11 (t) (23 - %) +g12(t) (22 - W}
o R]
e
o 2 A 1 n ~
I y (t) = -8 X (t) + m fea1(t) (23 - X) + £22(t) (22 - ¥)}
where
e11(t) = P11(t) R - P12(t) Rpy
£12(t) = Pr2(t) Ry - P11(t) Ry
£21(t) = P21(t) Rpz - P22(t) Ry
£22(t) = P22(t) Ri1 - P21(t) Ry2
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s

e -e1(t) A £12(t) ~ £11(t) £12(t)
S e— X - QA+ e—— y 4 ee— 21+ r— 22
IR IR] IR] IR}
2 £21(t)\A £22(t) A £21(t) £22(t)
Yy = -8 + X e — y ot m—— 2] 4 e—— 2]
[R] [R] R [R]

£11(t) £12(t)

eaCE— -la + C———

IR| IR]
Fa(t) = = A(t) - K(t)

£21(t) £22(t)
-B+ —————
IR| IR|
2= PRt)X+B2z
~ X 73
_X_= - ’£=
y 22
£11(t) £12(t)
IR IR}
E: =.K_(t)
£21(t) £22(t)
IR} IR}

t
X(t) = o (t, to) X(to) + f ¢ (t, 1) K(t) 2(x) dr

where 8 (t, t,) satisfies the homogeneous equation

¢ (t,tg) = Fo (t) & (t,ty)

to

17
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Accordingly we have obtained either the differential equation for which the

predicted estimate X needs to satisfy or the integral solution for this
estimate in terms of its transition matrix & (t, tg).

In summary, there currently exists engineering techniques from the
field of modern control theory that offers the commander in the field the
opportunity of predicting or forecasting conditions of the force strength on
the battlefield given prior information or observation on status of battie.
The approach can handle any number of different weapon systems. The methodology
described in this report will be applied to recently acquired data on tank
duels and will be reported in a separate report.
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APPENDIX

Detailed analysis and derivations will now be presented to demonstrate the
method of computation.

Example 1: Square Taw with noise in only one of the state variables.

X = 0x - ay

y=8x+0y+1w (noise iny only)
z=y+v (observation of y only)

X 0 -a\/x 0

) = + W

y -8 ONYy 1

H=(0 1)
E (w(t”)) =0 E (v(t)) =0
E (w(t) w(t?)) = g8 (t-t°) E (v(t)v(t7)) = (t-t°)
23
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YIRS

e
R
by
3
\“.‘
f'»' Q=q R=r
; ) E (x (0) = 0; E(y (0)) =0
SN
g
V) 73 2 Co=-
_‘f‘ yx y £=0 P21 (0) P22 (0)
ue
a0 B-np+pAT+cQaT-pPHRIHP (Riccati Equation)
) Pl P12
2 P = P21 = P12
o P21 P22
S0 0 -a P11 P12 -aP21  -aPp?
0o AP = -
¥ - P - -gP
C» g 0 P21 P22 BP11 BP12
‘-".‘
S
:.' (AT = p AT - -aP2y -tP11
¥ aAr LA T
s -aP22 “8P12
‘. 0 0o 0
N 6067 =q (0 1) = q
‘CL'\." 1 0 1
oyl
i HP=1(01) /Py P12
" = (P21, P22)
Ten P21 P22
*)
i (2 )T = P HT =(py)
nahY P22
& 1 p 1 [ Pyl P, P
T lup = 2\ o py . 21 21P22
p el» 722 PoyP R
r 22 r 21722 22
[ ] 1 2 .
Pll = -ZGP21 - ; P21 Pll (O) given
o 1 .
P12 = -aPpp -8Py; - ;)P21 P22 P12 (0) given
[ ] 1 2
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Steady State:

Pl1 = Pyp = Py = 0

[ 3

Pll =0 => P21 = (0

o 1
Po=0=>0=- (a+ - P21) P2z - €Pyy
L d _ 1 2
P22 =0=>0-=-28 Plz +q- ; P22

With Pyp = Pyy = 0 => Pyy = (rq)l/2

a a

Pl = - =P = - (')(W)Uz

8 B
X=aAR+ou+PHRI(z-HD) 2 (0) =0
or
2 A
X= (AKH Xx+Kz K =P HTR-1

(0 1)

x>
"
N
[[=]
"
N
- o
\_/
|
n

2 1
X = -ay - 1Poy (t) (2 - %) where X (0) =
r
2 ~
X = -ay at steady state
p ! A
y = -fX +<-> P22(t) (z - y) y(0)=20
r
q\/2
= -gx + (- ) (z - y) at steady state
r
25
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., 1 Surmarizing the results for the case where only one state variable (y)
. is corrupted by noise in the systems model and measurement, the general
K solution satisfies the equations
Y
[~
.: . . a A
3 R = -df + (Pp1(t)/r) (z - Y) x(0) = 0
54
ﬁ_ [ ]

" § o= - 8%+ (Pa(t)/r) (z-9) §(©) =0

i. while the steady state equations take the form
| - A »

¢ R = -ay x(0) = 0

r

% 1/2
b; [ ] q

e y = -8% +<— (z-9) §) =0

8 r
W

¢ In the next example (example 2) we consider the case where the "plant” noise
N and measurement noise corrupts both state variables as follows.

E: Example 2:

" .

x =0x -ay +1 wi.

s .
f% y =-8x + 0y + 1wy,

N 1 X + v Z1
. z -
9 2=y +V 22

I @
]
x>
B3
+
J—
|
=
n

N

=

—

I~
]
l——c
|
+
j<
|=
]
lb—ﬂ
.o
|<
"
TN

Vi
v2

M P rpdaiaing t O M

= E (x(0)) =90

»

W,

N
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o E (xx)¢=q = P(0)

U

E(w) = 0; E (w(t) w(t”)T) = Q(t) &(t-t")

Su Qi1 Q12
L}}r.; q(t) = assumed constant

Lol
. Q1 Q2
]

}:' ‘ R R
s E(v) = 0; E (y(t) w(t)T) = R(t) 6 (t-t7); R(t) = R
" - Ra1 Rz

* 1 R22 -R12 !
‘-_.‘.' R'l [ Jp—

o IRI\ -R21  Rn
e R is assumed constant

N |R| ¥ 0

O P11 P12 IRl = R13 R22 = Rp1 Ry

n
©

] 1 R2z  -Ri12 P11 P12
b IRl \ -Rz1 Ryp P21 P22

1 P11 R22 - R12 P21 Rz2 P12 - Ry2 P22
e IRl \ P21 Ry - Rz P1y R11 P22 - R21 P12
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) i el mT—m——— hand
NRY
::\:
‘I‘l‘

B

e

\.~I,:.-

.‘\‘
Ly
h b r-lp = 1 [Pl P12 ) fP11 Rz2 - Riz2 P21 Rz2 P12 - R12 P22
e, T 7RI\ P21 Pz J\P21 R11 - Rg1 P11 R11 P22 - R21 P12
_"' 1 fann a2

'..: IR \az1 a2
Y N where
i
b a1 = P1y (P11 R2 - Ri2 P21) + P12 (P21 R11 - R21 P11)

. a12 = P11 (Rzz P12 - Riz2 P22) + P12 (Ryy P22 - Ry Py2)
*: az1 = P21 (P11 Rgz - Ri2 P21) + P22 (P21 Ry1 - R21 P11)
S
33 ag2 = P12 (R22 P12 - R12 P22) + P22 (R11 P22 - R21 P12)
‘»l‘-
_ .

YT for R12 = R21 and P21 = P12 it follows that ajp = azj.

-:“’u _K. = E —T R'l
o

R Lt et ( Roz -Ri2 )

o T R \Pa1 P2 -R21 R11)

ok

1 (Pu Rz - P12 R21 R11 P12 - Ry2 Pn)
. IRl \P21 Rz2 - P22 R21 R11 P22 - P21 R12
&S

0N 1 (511 612)

n";._: = e

Ny IRl \&21 §22

- where
25 i
2 f11 = P11 Rz - P12 Ry

l}‘-:

12 = P12 Ri1 - P11 Ry2

[
Nt f21 = P21 Rz - P22 R
S
" '.":

W n €99 = Pop Ryy - P R
P 22 = P22 Ri1 - P21 Ry




"
N
B

'l

::' KT = R-1p

k-

‘ P-AP+pPAT+6QGT-KHP

1

e P(0) = Po

3 KHP=PIRIIP

-

. =pRlp

; ; The Riccati equation is given by

Ren

:.h ° 1 1

P= =2a Pyy *+ 0 - — ap3 -8P11 -aPp2 *Qp - — 233

& IR| IR}
R

: : :
-6P11 -aP22 +Q21 - — 221 -BP12 -aP22 +Q21 - — 222

IR| IR|

g

N .

‘{: which for steady state P = 0 and Py = 0

‘ )

> Evaluating P R-1 at steady state

,i.l 1 d1 dy2

l.‘ _R.'l E = —

Y IR] \ d23 dz?

a

: where

3 d11 = Rgz P11 - Ri2 P21

o

< di12 = R22 P12 - Ri2 P22

» dz1 = R11 P21 - R21 Pyj

‘ d22 = P22 R11 - R21 P12

v . 1 /P11 Pr2\ fdnn di2 -
al PRYP = —

IRI\ P21 P22/ \d21 dj2

1 [Py diy + dip Py P11 d12 + d22 P12

% IRl \ P21 di1 + d21 P22 P21 dig + d22 P2

P 29

9

15
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. with Pjp —> 0 dj1 = Rg2 P11 d1 = -R21 P11
&

d12 = -R12 P22 d22 = R11 P22

il e

J N _I' l.
et

‘.’.“
1t

at Steady state:

2
1 Roo P -Ry, P P
pRlp= 22 "11 12 "22 "11

IR\ -Ra1 P11

a4

2
22 Ri1 P22

e

TR

So that at steady state

1

-2aP21 +Qq1 - — a1

(1) 0
IR}

i
5l
-t it

"

-
Tl

-

b ..i

-,
-

(2) 0

-8 P11 -a P2 +Q;2 - TR_I )2

1

-8 P11 -a P22 + Q21 - ITI a1

ArA ]

S sl "'

(3) 0

L,
-
e

1
(4) 0 = -28 P12 + Q2 - m a2

«
&

i
2 e .
Pt et et e

e

e
"'r"r e

et

v
50

x

Steady state: P12 «=—> 0
2
) — P11° Rp2

aj2 —> -Ry2 P22 P11

P ——

k]

a1 —> -R21 P11 P22

0
o s
.
B
e
s

" 2
e a9 —> Ryy P2

v 1 2
~R-‘J (la) 0= 011 - o— RZZ Pll

—— IR
N R
: :: 12
3:.}{ (2a) 0= 2Py ~aPpz + Q2 + = F11 P22

. 30
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R

12
(3a) 0 = -gPyj -aPpp + Qg1 + TET P11 P22
1
(43) 0= 22 = — Rll P22
(R
Thus
Q11
Ppé= — IR|
R22
(1a”) P17 = 11 R Steady state
/ = Ir
R22
(4a”) Ppp =

Q22 Steady state
— [R]
R11

Pi2 = P21 —> 0

The predicted state updated by measurements at an earlier time now is given by

WP HT R (z-H%) x(0) =

Ic

o
]

Q

x>

—

£11  £12 2] - X
IRI { &1 €22 -y

<0

2 1
X (t) = -a ¥ (t) + — fe11 (1) (z1 - %) + £12(8) (22 -'y\)}
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Ry
o

o 2 A 1 , ~
- y (t) = - 'x (t) + -l.i;-l {521(13) (z1 - X) + g22(t) (22 - ‘y)}

b

7_{5 where

A

AN £11(t) = P11(t) Rzz - P12(t) R2g

:;ﬁ g12(t) = P12(t) Ryy - P11(t) Ry2

™ o

b £21(t) = P21(t) Rgz - P22(t) Ry

SO

e £22(t) = P22(t) R11 - P21(t) R12

8 g -En(t) 4 e12(t) \ Ao £11(t) t12(t)

Y X T — X - + y + —— z] + Z2
o IR| IR] IR] IR|
»

2 g21(t)\, £22(t) ~ £21(t) £22(t)

_\j:. Yy = |8 + = X - — 4 —— zy + — 22
xS IR IR| IR IR|

.‘:‘-
£11(t) £12(t)

— - Q + TSt

o R} IR|
b Fa(t) = = A(t) - K(t)
£21(t) Exo(t)
d e - 4+ — ———
3 LY IR| 1
< x= Fa(t)X+Bz
Ko ~

D ~ X Zl
" v L = a H E =
-':.', y 22

L £11(t) £12(t)

IR| IR]

S B = = K(t)
e g21(t) g22(t)

N IR| IR|
a‘::
(42
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R(t) = o (t, to) X(to) + o (t, 1) K(1) 2(1) dr
" 4

“
§§' where ¢ (t, ty) satisfies the homogeneous equation

¢ (t,to) = F2 (t) o (t,to)

o Accordingly we have obtained either the differential equation for which the
e ' predicted estimate £ needs to satisfy or the integral solution for this
“ estimate in terms of its transition matrix & (t, to).
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